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Solutions

1. [5 marks: 2, 3]

A complex number, z=ga—i, where g is a real number.

(a) Give iz in rectangular form.

iz=i(a-)=1+ai v

iz=1-ai v

(b) Evaluate a if Z=8+6i

(a—iy =da*—2ai+
= (a*—1) - 2ai v
Hence:
(" —1)—2ai = 8 +6i 4
a=-3 4

2. [4 marks]

Sketch, on the complex plane provided below, the region defined by

|z—3| <3 ——WSar zS—n
g
4 4

Imz

i
)

Rez

{
n

Y
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Solutions

3. [9 marks: 2,2, 5]

Find the following indefinite integrals:

(a) Iﬁsinx(ezcosx) dx

2 CosK

Quy,ss j~ €

jﬁsinx(e2°°”) dx = —3j—2sinx(62°°“) d

qwg@) = 3 L, v
dq - al%hl})
ol \
m,jmi Guin
p
b d
(b) '[5—2p2 p
ol ~ kp 5-2p° ~475-2p°
0y T = Lins-2p" +C v
ot 5-2p* B
olpus T GueM)
M‘I J

(c) jl— cos3(2x+§) dx

Il cos (2x+—) oy = II—COS(2A+ 3)xcosz(2x+§) dx

ie olenh N’/
_ = Il—cos(2x+z) {1~ sin’ (2x+—)] dx v
{XP’“J’\C{ 3 >
baclets - _ .
= Il—cos(2x+§) + cos(2x+§)sm (2x+§)] dx
fves ol J,
=X- %Sln(2x+§) + —J'2cos(7x+ 3)5111 (2x + ) | dx
& ¥ v \l\ C’l}ld)b j__ St
1 . T 1 ., 3 T
=x—581n(2x+§)+gsm (2x+§)+c - 35‘”
o <§L B 2605

i |

3
ot I
i Jlf,;)

L,)('ti.;) '\
"2 e
)

p— oust guer)

SEE NEXT PAGE
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Solutions

4.  [3 marks]
A cubic function, ¢(x), intersects the x-axis at (a, 0}, (b, 0) and (c, 0} .

Another function, p(x), intersects g(x) in three places.
The coordinates of two of these points are shown on the graph below.

y q(x)

px)

Use the information in the graph to define the shaded area in terms of definite integrals.

Area = Tq(x) dx + j:p(x) dx + Tq(x) dx
" " "

OR
h / I

Area = Jq(x) dx — [J;q(x) dx - J;p(x) dx ]

v v v

SEE NEXT PAGE
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Solutions

5. [7 marks: 3,4]

The line L has equationr=4i+3j-k+A(i+2j-2K).
The plane IT has equationre (-i+j+k)=2.

(a) Find the position vector of the point of intersection between L and IT.

Substitute equation of L into equation of I1:
4+ A -1
3420 |of 1 | =2 v
—-1-2 1
= 4-A+3+2A-1-2A=2
A =-4. v
Hence, point has position vector =—5 j + 7 k. #
(b) The acute angle between L and I1 is 0. Find sin 6.
* L Angle between L and normal to plane = (90 — 0)°.
A
' 1% f=1
2 |eof 1
-2 1
cos (90 — 0)° =abs 1 1 v
2 ||| 1
-2 1
. - 3
St {: sin 0 b{ = }
=dadDs
l 3x+/3
. "4 v
o _¥3 v
9
-
Sing= 3
Q
l

SEE NEXT PAGE
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Solutions

6.  [6 marks: 3, 3]

3 1
Consider a 2 x 2 matrix, A = ( J

1 -1
(a) If A2=aA+BI where a and [ are real numbers and I is the 2 x 2 unit matrix,
find o and .

10 2
= . A2=( J v
o2l (3 1] .Jte 2 &

|74 MR 10 2) (30 « B 0

2 2 I = 0| Hence = %
: J - 2 2 o —a 0 p

= oa=2and p=4 vV
lo=3& + B

(b) Write A in the form kA + cI where k and ¢ are real numbers and

1 is the 2 x 2 unit matrix.

A’=2A+41
=2(A + 2I)
4 2
A’ = [2(A +21)] v
= 4(A” + 4A + 4I)
= 4(2A + 41 + 4A + 41) v
= 24A + 321 v

2

4 %= 4AT 4 ATH 16T

a4 [4Y 4 4AT +ur

4 1= Lf[(m F# I + UAT# 4T |

plu: L,[QA + HT + UA + ”Ij

SEE NEXT PAGE
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Solutions

7] [6 marks: 2, 2, 2]

. i
letu=acisoandw=>b e P where a and b are real numbers and —7t < o < 7 and

—-i<B<m.

(a) State the modulus and argument of u x w.

[a cls ({J x [bcls }g]

—ob s Cf(.tf:")

Modulus =a x b =ab v

Argument = o — f. A

(b) Given that u and w are the two roots of the equation 7= k, find:
(i) the relationship between a and b W
y.A ' ~ w d ;

a=b v c‘/"//l e

o L 2
v chong
(ii) the relationship between a and f3.
a—-p= %7 v Ind Sol? vutotle T
/"r‘_———_———_&g""‘—q
Lz/(c) Given that « and w are the two roots of the equation pz2 +qz+r=0,
lext h d r are non-zero real numbers, find:
(‘ON{‘J% where p, g and r are no : : é )
Mind
(D‘DTS (i) the relationship between a and b W&m h CU_V ol
e = C=1r
' a=b v =P b C"

(ii) the relationship between o. and f3.

a+B=0 v

/_ faaa ¥
the | MU (h
b
'[u,rvmhsl e
COV\J'\ATCAIM 3‘7 L’LCL(:/L )

othev




Solutions

8. [7marks: 2,3, 2]

The position vectors of the points Pand Qare 2i+2j-3kand6i+4j+35k
respectively.

(a) Find the position vector of K, the mid-point of the line joining P and Q.

- Yo dng
6 -2 8 4
PQ=|4|-|2|=|2|=2|1].
5 -3 8 4

K is the midpoint of PQ.

Then OK = OP + %PQ 4
-2 4 2

=| 2 |2|ll|l=|2] v
-3 4 1

The plane IT is the perpendicular bisector of the line joining the points P and Q.

(b) Find the vector equation of the plane I1.

Required plane passes through K and is perpendicular to PQ.

4
Hence, a vector normal to plane = | 1 |. v
4
“ 2 4
Equation of required plane isre | 1 | = |3 || 1| ¥
o 1 4
4
EFs|l|=15. v
4

(c) Find the acute angle the plane I'T makes with the x-y plane.

Angle between I1 and the x-y plane

F(F\),;u ‘/
s‘?

i"jfu CU\DI W

e » y Mot y . B
. be hw ten He
h i egunhon = angle between | 1 | and | O |. v , ‘
' ! 4 { g rivaed § C-“’]
P = AD _45.9° 7 huso planes =
whare = 081 He angle
i 1e([4,1,41,[0,8,11) - 1 -l
ke He novmed v tﬂge 45.96825@?9]‘@ b»c*hﬂx-ﬁ'* He
He 3, oomis i ponLs
A SEE NEXT PAGE
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Solutions

[8 marks: 2, 4, 2]

: ‘ _ 7
A curve has equation ¢ T¥ + ¥ ¥ —x —4é +1=0

(a) Find the exact value of the vertical intercept (y-intercept) of this curve.

x =0, ey+ey—4ey+1=0
2¢ =1 v
y=—1In2 v
; . . ay
(b) Use an analytical method to find —.
@ (D e (Z ozt P o
dx x dx
v v v
j_y(ev-i-x 4 gl 4ey)=2x yrx L X
X
dy 2x—ed T¥pe? T v
de gV TT LY T 40

(c) Verify that the curve has a stationary point at its vertical intercept.

Whenx=0, Y- “t"\(’?iv)

& -+ -
de oV 4 @¥ —4e”

= @ =0
dx

X

dy : ;
Hence, when x = 0, 4 _ 0 and the curve has a stationary point.

G

L)

SEE NEXT PAGE
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Solutions

10.  [8 marks: 3, 5]

A cool room for storing food is refrigerated so that the temperature in the room, F,
in degrees Celsius, at ¢ hours after midnight, is given by the formula

F=—4cos%-)— for0 <t <24

(a) Show that F experiences fluctuations that are similar to a particle undergoing
simple harmonic motion.

F =-4 cos il iad
i _ —
d—=4sinn(f 3)><7.E—=Tt—sinﬂ(l 3) v
dr 12 12 3 12
2
d,F=£cosn([ :”)XTL 4
i 3 12 12
2
_r S5 (f—3)
36 12
2
2_(75_) F v
12
Which is of the form of a particle undergoing SHM.

(b) The refrigeration system automatically switches on when the rate of change of
temperature, with respect to time, is greater than or equal to 0.5°C. When the rate of
change of temperature, with respect to time, is less than 0.5°C per hour it automatically
switches off again. Find the actual times (e.g. 2.17 a.m.), to the nearest minute, at
which the system switches on and then switches off, during a 24 hour period.

dF _m . (-3

a3 iz
1
dF
Ok From graph i >0.5
, /\ (Method clearly shown ¥')
Jolve 4
e ) s N = 4.9013 <1< 13.0987
O L—) = ,r—r gli'Jr ﬂ,'_k - - V \\ = v v
7L r
- ) - \/ Hence, refrigerator turns on at
4.54 am ; turns off at 1.06 pm
t = v v

Intersect
c=4.9n13304 we=a.5
|pi=n/3 snt ce-a3712), vo=8.5 &

SEE NEXT PAGE
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Solutions

[7marks: 1,1, 2,1, 2]
A triangle ABC is shown on the grid below with A(0, 2), B(4, 2) and C(3, 1).

y

i

[%:y]

B

A

4%}

C
AI’
5 -4 Bp'g [ 1 2 3 4 5 <
1
/ 2
/ 3
! 4
AH

o

(a) On the same grid, skefch the image AA'B'C', after a transformation that rotates
cach point of the original triangle through 90° anti-clockwise about the origin.

e

AR *
ABC [—2 -2 "1]

6 4 3

AA'B'C' plotted and drawn v

(b) Also, sketch the image AA"B"C", when AA'B'C' is subjected to a shear transformation,
of factor 2, in the y-direction.

|:i a][«-z -2 -1] s
2i|ls 4 3
[—2 -2 —1]
-4 8 1

A A"B"C" plotted and drawn v

SEE NEXT PAGE
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Solutions

11.  (c) Determine the single 2 x 2 matrix that will map AABC directly onto AA"B"C".

1 0)0 -1 _ 0 -1 rr
2 1){1 0 1 2
- A
M hf;uuﬁ‘&iwmh‘v"‘f*
L] { i ¢ 1 i
no ‘h Lgé\f“h’ -‘,‘A{J’Jw“_/\
(d) Find the area of each triangle drawn on the grid.

All three triangles each have area = 2 square units. v

2 1
(e) The matrix [6 3) , when used as a transformation matrix, will map all of

the points in AABC onto a straight line. Give the Cartesian equation of that line.

2 1)(0 4 3) (2 10 7 v
6 3){2 2 1) (6 30 21

Equation of line passing through

(2, 6), (10, 30) and (7, 21) is y = 3x. v

SEE NEXT PAGE
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Solutions

12, [11 marks: 2, 4; 5]

The diagram below shows an isosceles triangle with two sides both x cm and the included

angle 20 radians.

Xcm

(a) If the perimeter of the triangle is fixed at 100 cm.

-2 () () os 2¢
ol ot —wcos 26

; l
2wt - [ L-28m ]

o=t

Cl
AE Int-2n” Y X Sinn '
Cﬂ'; L{)Lls"t'inzﬁ‘-/
A= L
00 = Y + 2 + WrSine

S/ O
g

29 F 22 S8

(i) Prove that sin 6 = -x oD =
) S = 4 A Sih-
B SHC:/' e M e 7’(_3“'\(.'}‘
I BC = 100 — 2x cm. i i
_— K Since, triangle is isosceles, £ BAK = 6 - =fina
p 4
andBKz%(lOO—Zx)=50—x. v
" © 50— x
wom Hence in AAKB, sin 0 = : v
X

(ii) Find the exact value(s) of x and © when the area of the triangle is a maximum.

AK = /x* —(50—x)* =10+/x-25

Hence, Area A = Ex (100 — 2x) x 10vx =25

/ =5 (100 — 2x) Vx—25

Use fMax command on CAS calculator

Hence, A is max when x = % cm

= sinB:l — 8:5.
2 6

v

[fMax 5 108-2a 0yfx-25 yx)

=
sirnplify(xfxe-{s&-x}z ) ;|

1004225

2500+[3
{Max"!alue“——-"—-“ﬁk s?’."'@}
9 2
160
15 iy
| 100
3
siri¢ z 3
A
I
&

SEE NEXT PAGE
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Solutions

12.  (b) The perimeter of the triangle is no longer fixed at 100 cm.

The sides with length x ¢cm are increasing at a constant rate of 1cm per minute.
The included angle is increasing at a constant rate of 0.1 radians per minute.
Find the exact rate at which the area of the triangle is increasing

whenx = 10 cm and 6 = % radians.

Let o =260
Area A = %xxxxxsina
2

= —x sina v
2

Differentiate implicitly with respect to time

dj:xﬁ{sina+lxzcosaﬁ. vV
dt dt 2
Whenx:lO,a:E,-@=1,d—a=O.1: v
37 dit dt

d_A=10x1x£+—1wx100xle.1
dt 2 2 2

=53 + % em’ per minute .

4= I x* g (2&)

L
Cﬂ _ = nolr Sin (19,) T | )_,L'L 2 cos &) C_(__(?-@’)
olt ot L okt

o4 w oo Cin (10) ¥ % tos @) QE,CZ&)
ok Ak

ol
o () s (D 0t e (9 [oer]
+ i&c(f’\ C(H,s)

R

(o

Fl

© e

SEE NEXT PAGE
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Solutions

13.

[7 marks: 2, 2, 3]
Three people, Andrew, Benjamin, and Charles, kick a soccer ball to each other. There is a

probability of % that Andrew will kick the ball to Benjamin, there is a probability of % that

Benjamin will kick the ball to Charles and there is probability of % that Charles will kick

the ball to Andrew. Assume that each person does not kick the ball to himself. This
information is summarized in a transition matrix

From

A B C

A (0 % 3
T=To B |+ 0 %]
c 210

(a) Given that Andrew had the first kick, find the probability that Andrew will have
the ball back after the ball has been kicked twice (this includes Andrew’s first kick).

Hence required probability =

0 2 1V [z L 4
R FEE
=17 0 5] =l7 7 %
T30 ® W W
7
20

(b) Given that Benjamin had the first kick, find the probability that Charles will have the
ball after the ball has been kicked five times.

5
2 1 il I 6]
s (0% s W W o
=4 2| 112 51 1
T=1703% =& % = Y
i3 M1 03B 1
4 5 320 80 20
. - 33 v
Hence required probability = I

SEE NEXT PAGE

© WATP



Solutions

13.  (¢) In the long term, who is most likely to end up with the ball? Justify your answer.

g 2 000 raoa
100 3 3 5 is 15
V=1 ¢ 2] =|1 L 1L
4 3 3 3 3
3 3 2 2 2
750 T 3

v

In the long term:

Andrew has a 0.2667 chance of ending up with the ball.

Benjamin has a 0.3333 chance of ending up with the ball.

Charles has a 0.4 chance of ending up with the ball. v

Hence, Charles is the most likely person to end up with the ball. v

SEE NEXT PAGE
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11 Solutions

14, [7 marks: 3, 2, 2]
In a chemical process, the quantity of an enzyme (2 mg) is modelled by the equation

% = (200 — Q) x ¢t where { is time in hours.

(a) Use integration to find an expression for Q in terms of z.

aQ
—= =200 - t
dt ( Q) x
,[-_dQ_:_[l dr v
(200-0)
t2
—}n(ZOO—Q):?+C. v
_e
200—-Q= de ?
11
Q=200- de * v

(b) If the initial amount of the enzyme is 1000 mg, how much remains after 3 hours?

1000=200-A4 = A=-800 v
O(3) = 200 + 800e ® = 208.9 mg v

(c) Show clearly why the long term quantity of the enzyme is not dependent
on its initial amount.

-
o)

Since Q =200 - Ae

o]

Ast— o, de 2 — 0and Q — 200. v
Clearly the final amount 200 mg is independent of Q(0). v

SEE NEXT PAGE
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Solutions

12

15.  [6 marks]

£ )

1

5
Use the substitution x = —sin 0, to evaluate exactly J'_.m_,__ dx.
2 025 —4x?

Show clearly each step of your working.

x=—-sind = dx:icosede 4
2 2

x=0 = 0=0

xzz = sinf= 4 = 0=_ v
4 2 6

cos®

do
\/25 ~(25sin8)

il
r2 | Ln
S Ly v [H

cos® 40 v

5¢f1—(sin 8)2

]
AR
D Ty,

cos0
S5cos@

a0

| n

b fo—
—
2
les)

O ey G S Ny G [

i
SERSIE
\

SEE NEXT PAGE
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13 Solutions

16.  [6 marks]

A particle P moves in the x-y plane. Its equation of motion is given by:

d . e . .
d_y = 2 sin (2¢) and % = cos (£), where ¢ is time in seconds. Given that the particle P starts

from the point (0, 0), find the Cartesian equation of the path traced by this particle.

%:251:1(21?) = y=-cos(20) +A
t=0,y=0 =>A=1= y=-cos(2)+1 vV
%:cos(r} = x=sin(t)+B
t=0,x=0 >B=0 = x=sin() v
)
Buty=—[1-2sin (§]+1 v
2
=2x v

%,ja—»&)&(le\ ]
"\,3“; - [\K - Vsin’ (L) -”._l
yoo el

T

"1 - n

SEE NEXT PAGE
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Solutions 14

17.  [6 marks]

Prove that (1 + cos 20 +isin 20) = 2 cos 0 (cis 0 ).

LHS = (1 + cos 20 + i sin 20)"
=2 (:os2 0 +isin 26)’]
=(2 c0529 +1 2 sin 0 cos B)r1
=[2cosH (cos O + i sin 0) ]”
=2"cos "' 0 (cos B +isin 8)"
=2"cos 0 (cis 9)’1

=2"cos" 0 (cis n9)
= RHS

LN N RS A

Lty U-* (0S2% } L&lw?&]w

- {( LGt rceste) F (L 2sme Cose) ]

- . W
- {'uox-,l@/ o LI ws‘?’]

(f

= V ; V\’
[1(036' C(‘,rf:»s&—‘fr LS“’“’L\K
h

- . A
= 1 ¢e s (CLSQ/}

i~

- L& L
- ) cos & c_tsm‘g’)

SEE NEXT PAGE
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Solutions

15

18.  [7 marks]

Using mathematical induction, prove that, for all counting numbers, #,

2n (2n + 1)(2n — 1) is divisible by 6.

Let P(n) = 2n (2n + 1)(2n - 1)
Forn=1: P(1)=2(3)(1)

=6 which is divisible by 6.
Hence, conjecture is true for n = 1.

Assume that conjecture is true for n = k:
Thatis, 2k 2k + 1)(2k—1) is divisible by 6.
= 2k (2k + 1)(2k— 1) = 6m for some counting number .

Forn=Fk+ 1:
Plk+ 1) = 2(k + 1)(2k + 3)2k + 1)

= (2k + 2)(2k + 3)(2k + 1)
= 2k (2k + 3)(2k + 1) + 2 (2k + 3)(2Kk + 1)

=2k (2k+1DRk—1+4)+2 2k +3)2k+ 1)

= 2k (2k + 1)k — 1) + 4% 2k 2k + 1) + 2 (2k +3)(2k + 1)

=2k 2k + D)2k — 1) + 2 2k + 1)[4k + 2k + 3]
=2k (2k + D2k —1) + 2 (2k + 1)(6k + 3)
=2k 2k + D)2k - 1) + 6 2k + 1)(2k + 1)
=6m + 6 2k + 1)(2k + 1).

Hence, P(k + 1) is divisible by 6.

Hence, if the conjecture is assumed to be true for n = £,
then it must be true forn =k + 1.

Since the conjecture is true forn =1,

using the result just shown, it must then be true forn=1+1=2.
Since it is true for n = 2, it must be true forn =2 + 1 = 3.

Since it is true for £ = 3, it must be true forn =3 + 1 = 4, and so on.

Hence, the result must be true for all counting numbers .

v

© WATP



Year 12 Mathematics 3C/3D 2011 Section Two

16
18.  [7 marks]
Using mathematical induction, prove that, for all counting numbers, n,
2n (2n + 1)(2n — 1) is divisible by 6. COA)JI:T-T(JF&?
i - 5 ' T TRJE ot
S 2 (3) (1) = ¢ AP
Nasuimae I’W.L £D‘Y n= k
2 k (2ict) (21c-0) b M M€ Nl
En n=oled
L (k) (2 [0 10) (200073 1)
= 2 (i) (_ZL-D) (2"0‘")
- @LH_} (e td) (’LLH)
=r Raude Ln ¥R pELE % £
. _-‘f,lu}cr'fé\/
- gt -1 + 24k |
" bm  F [wz«"f—zqi*féj/
= VIR é[q’kl # Uk 'f'/j‘/

e n= et

/

\

s c/weS:h{V_é’y 6

/

END OF PAPER



